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ABSTRACT
High-quality crystals without inversion symmetry are the conventional platform to achieve optical frequency conversion via three
wave-mixing. In bulk crystals, efficient wave-mixing relies on phase-matching configurations, while at the micro- and nano-
scale it requires resonant mechanisms that enhance the nonlinear light-matter interaction. These strategies commonly result
in wavelength-specific performances and narrowband applications. Disordered photonic materials, made up of a random assem-
bly of optical nonlinear crystals, enable a broadband tunability in the random quasi-phase-matching (RQPM) regime and do not
require high-quality materials. Here, we combine resonances and disorder by implementing RQPM in Mie-resonant spheres of
a few microns realized by the bottom-up assembly of barium titanate nano-crystals. The measured second harmonic generation
(SHG) reveals a combination of broadband and resonant wave mixing, in which Mie resonances drive and enhance the SHG, while
the disorder keeps the phase-matching conditions relaxed. This new phase-matching regime can be described by a random walk
in the SHG complex plane whose step lengths depend on the local field enhancement within the micro-sphere. Our nano-crystals
assemblies provide new opportunities for tailored phase-matching at the micro-scale, beyond the coherence length of the bulk
crystal. They can be adapted to achieve frequency conversion from the near-ultraviolet to the infrared ranges, they are low-cost
and scalable to large surface areas.
Nonlinear optical processes of the second order - mediated
by a χ(2) susceptibility - are the common means to obtain
coherent light at wavelengths not available with laser sources1
and have become a reliable way to generate photon quantum
states2. Applications are relevant in spectroscopy3, 4, bio-
imaging5, ultrafast optics6 and quantum photonics7, making
these nonlinear processes key to the development of near
future photonic technology. Non-centrosymmetric crystals,
which lack inversion symmetry, are among the most attrac-
tive materials with second-order nonlinearity, thanks to high
χ(2) coefficients, wide transparency windows (visible to near-
infrared) and high damage thresholds8. As known, their use
is bounded by optical dispersion, which imposes strict phase-
matching conditions to achieve optimal nonlinear conversion.
Many methods have been developed for phase-matching con-
trol, as phase matching in birefringent crystals1, quasi-phase
matching9, modal10 and cyclic11 phase-matching. Strategies
to enhance the nonlinear process at scales smaller than the
coherence length of the crystal are also available, as cavity
coupling12, 13, vanishing-permittivity materials14, plasmonic
and dielectric nano-resonators15. In all cases, the optimiza-
tion of the nonlinear processes is based on an underlying
resonant mechanism, providing wavelength-specific perfor-
mances that hamper the use of χ(2) crystalline devices for
broadband, widely tunable applications.
Increasing the complexity of the nonlinear crystal structure
leads to relaxed phase-matching conditions and to largely im-
proved performances in broadband nonlinear mixing16. In
the case of a fully disordered crystal, characterized by poly-
dispersed and randomly arranged non-centrosymmetric crys-
talline domains, the amplitudes and phases of the mixed waves
get randomized, so that interference terms average out and
the nonlinear signal accumulates as the sum of the intensities
generated from each domain. This three-wave mixing regime
is known as random quasi-phase matching17–19(RQPM) and
so far it has been implemented in disordered polycrystals with
micron-sized domains(10-100 µm)17, 20, 21. Its distinctive fea-
ture is the linear scaling of the nonlinear generated power
with the number of domains, over distances larger than the
coherence length and without any geometric constraints17.
The disordered distribution of the crystalline domains also
enables a flat broadband tunability of the wave-mixing, due to
the absence of resonant optimization mechanisms, as demon-
strated in naturally grown crystals with a two-dimensional
disorder22, 23.
A completely unexplored aspect, which we address here,
is the use of non-centrosymmetric crystalline nano-domains
to realize miniaturized χ(2) disordered structures with a con-
trolled geometry. This way, the system could sustain geo-
metric resonances that enhance the nonlinear wave-mixing,
similarly to crystalline micro-24 and nano-resonators25, simul-
taneously showing relaxed phase-matching conditions and
a broadband tunability thanks to RQPM. The use of nano-
domains is further motivated by the availability of metal-oxide
nano-crystals with bulk χ(2) properties26, 27, which allows for
the bottom-up fabrication of χ(2) disordered structures with
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Figure 1. Bottom-up assembly of BaTiO3 disordered micro-spheres. a, Representation of the BaTiO3 nano-crystals used
in the assembly procedure. Their SHG efficiency depends on the size and orientation of the crystal, here indicated by the
arrows. b, Sketch of the emulsion-driven assembly procedure. c, Representation of an assembled micro-sphere highlighting the
randomness in the sizes, positions and orientations of the nano-crystals. d, SEM image of a BaTiO3 micro-sphere assembled on
a silicon substrate for better image quality. e, Close-up of the surface of the micro-sphere highlighting the disordered
arrangement of the crystalline nano-domains. f, SEM image of the cross-section of a BaTiO3 micro-sphere obtained by FIB. g,
Close-up of the disordered nano-porous inner structure of the micro-sphere
an a priori control over the domain size distribution. So far,
no observation of RQPM in nano-structured disorder has been
reported, although theory does not predict limitations on the
possible domain size19. Attention has been dedicated to three-
wave mixing in turbid crystalline nano-powders28, but only in
the multiple scattering regime29, 30. Resonant enhancement
of RQPM has been observed in a large optical-parametric-
oscillator cavity21, but never at the micro-scale.
Here, we realize three-dimensional χ(2) disordered micro-
spheres by bottom-up assembly of barium titanate (BaTiO3)
nano-crystals and demonstrate their second harmonic gener-
ation (SHG) through RQPM. This is identified by the linear
scaling of the SHG power with the volume of the micro-
structures, over more than three orders of magnitude, reaching
sizes six times larger than the coherence length of BaTiO3.
Numerical modelling shows that the efficiency of this process
is comparable with that of crystalline BaTiO3 of the same size,
with the remarkable advantage of having a monotonic growth
with the structure size and relaxed phase-matching conditions
for the illumination direction and polarization. Thanks to their
homogeneity in the refractive index, assembled micro-spheres
sustain high-order Mie resonances stemming from their outer
geometry, which couple to the RQPM mechanism and drive
the SHG. Sweeping of the pump wavelength over a 100 nm
range reveals a modulated SHG, resulting from a unique com-
bination of broadband and resonant wave mixing. This new
regime of RQPM is described accurately by a random walk
in the SHG complex plane whose step lengths depend on the
local field enhancement within the micro-spheres. We have
realized a new class of nonlinear χ(2) resonators by bottom-up
assembly of nano-crystals, providing evidence and modelling
of an unexplored phase-matching regime, in which random
quasi-phase matching and Mie resonances couple together.
Our systems are low-cost and easily scalable to large surface
areas, opening up to new designs for broadband and tunable
nonlinear photonic devices based on disorder.
Results
Bottom-up assembly of χ(2) disordered BaTiO3
micro-spheres
We realized micron-sized spherical structures by emulsion-
templated assembly31, 32 of colloidal barium titanate (BaTiO3)
nano-crystals (mean diameter 50 nm, 5% polydispersity).
As previously empirically confirmed33, the synthetic nano-
crystals are characterized by a crystallographic tetragonal
phase enabling bulk SHG at the nano-scale under femtosecond
pulsed illumination15, 27, see sketch in Fig 1a. We developed
an assembly procedure (see Methods) in which the aqueous
dispersion (2wt%) of BaTiO3 nano-crystals is mixed with
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surfactant-loaded hexadecane (SPAN80 1wt% ) and emulsi-
fied by mechanical shaking to generate polydispersed water-in-
oil droplets, as sketched in Fig. 1b. Water evaporation through
the hexadecane reduces the size of the droplets and the water-
oil interfaces act as dynamic templates for the assembly of
the nano-crystals into larger micro-spheres. Assemblies are
finally deposited on a glass substrate, Fig. 1b-c. Their size dis-
tribution depends on the size dispersion of the droplets and on
the concentration of the nano-crystals in water. We generated
micro-spheres with diameters from 0.5 µm to 20 µm. Assem-
bled structures have a purely spherical geometry, Fig. 1d, over
the whole size range (see supplementaries S2). The surface
roughness is solely determined by the finite size of the nano-
crystals. A close-up of the micro-sphere surface is shown in
Fig. 1e, where the crystalline polydispersed nano-domains
are clearly visible. Due to the Brownian motion and to the
polydispersity, nano-crystals assemble with random orienta-
tions and positions, as sketched in Fig. 1c. The micro-sphere
cross section, shown in Fig. 1f-g, uncovers a disordered nano-
porous structure with a filling fraction of 55%, measured by
image analysis (see supplementaries S3). The micro-spheres
are not sintered and the nano-crystals are bound by surface
forces. Remarkably, they are robust and appear free from
deformation several months after the fabrication.
Linear effective-medium-Mie behavior
Linear optical properties of the assembled micro-spheres have
been investigated with an upright microscope customized for
spectral measurements to identify resonant scattering (see
supplementaries S4). Visual inspection under bright-field
(BF) and dark-field (DF) illumination provides first evidence
that the nano-crystals-air composite behaves as an effective
medium. Indeed, the micro-spheres appear optically homoge-
neous with a sufficient clearness to function as micro-lenses
and to create an image of the illumination source34, Fig. 1a-
c. Spectra of the light scattered under DF illumination are
shown in Fig. 2d, for two different diameters. We observe
distinct resonances that get spectrally denser for the larger
diameter, since higher-order modes are excited, showing that
the micro-spheres act as optical Mie resonators35. To describe
the observation and to unambiguously relate it to the spherical
geometry of the assembly, we modelled the micro-spheres
as homogeneous spheres with the same size and with an ef-
fective refractive index. Then, we calculated the scattering
cross section with Mie theory. We refer to this description as
an effective-medium-Mie (EMM) model (see Methods and
supplementaries S5). The good agreement between experi-
ments and theory shown in Fig. 2d supports the Mie-resonator
description. The EMM model estimates an effective refrac-
tive index neff ≈1.55 and highlights the widening of the res-
onances due to the presence of the substrate, which we have
taken into account by adding an imaginary part to neff (see
Methods and supplementaries S5). The more qualitative agree-
ment obtained for the larger structure is determined by the
limited field-of-view of the DF configuration (≈4µm). For
Figure 2. Linear optical characterization of assembled
micro-spheres. a, Optical image of a group of micro-spheres
acquired in reflection under BF illumination. The spot in the
center of the micro-spheres reproduces the corresponding
Ko¨hler illumination. b, Same as in (a), but under DF
illumination, reproducing the crossed ring of light of the
source. c, Optical image of a sub-micron sphere acquired in
reflection under DF illumination. At this scale, only a colorful
spot becomes visible. d, Light-scattering spectra measured in
DF for two micro-spheres with different diameters D.
Experiments are fitted with the effective-medium-Mie
(EMM) model. Best-fit curves correspond to filling fraction
of 52% for D=0.8 µm and 55% for D=3.2 µm, in agreement
with the filling fraction measured by image analysis. For both
curves, the absorption coefficient was set to k = 0.003.
micro-spheres of similar size, part of the scattered light is
not collected. Moreover, the increased scattering probabil-
ity within the larger micro-spheres reduces the applicability
of the EMM model. The quasi-normal modes36 of the two
micro-spheres have been computed by finite-element-methods
(FEM) simulations in the effective-medium approximation,
Fig. 3a-b. The pronounced mode confinement opposite to
the illumination is a focusing effect known as a photonic
nanojet37. We experimentally observed the nanojets in both
micro-spheres by imaging the micro-spheres rear plane under
coherent illumination with the setup sketched in Fig. 4a and
by collecting only the pump light at 930 nm. The spatial fea-
tures of the observed nanojets, Fig. 3c-d, match the simulated
ones, providing the first observation of photonic nanojets in
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Figure 3. Simulation and visualization of the linear
quasi-normal modes of the micro-spheres. a,
Finite-element-simulation (FEM) in the effective-medium
approximation of the linear modes excited by a plane wave
(coming from the left) at 930 nm in a micro-sphere with
D=0.8 µm. The pattern shows the intensity distribution of the
modes in the x-z plane. b, FEM simulation as in (a) for a
micro-sphere with D=3.2 µm. c, Experimental image of the
rear plane of a micro-sphere with D=0.8 µm obtained with
laser light at 930 nm. The line indicates the diameter of the
micro-sphere measured by SEM. The plane of this image is
orthogonal to the one simulated in (a), where it is indicated
by the white dashed line. d, Experimental image as in (b) for
a micro-sphere with D=3.2 µm. The plane of this image is
indicated in (b) by the white dashed line
a composite micro-sphere up to our knowledge. Since the
nanojet can be derived by Mie theory38, both the resonant and
the focusing properties observed experimentally corroborate
the EMM behavior of the micro-spheres.
SHG through Random Quasi-Phase-Matching
We have measured the SHG (2ω) on a set of 32 micro-spheres
having diameters between 1-12 µm, by illuminating them with
pulses of 120 fs at 930 nm (ω) in the configuration sketched in
Fig. 4a (see Methods and supplementaries S6). The spectrum
and the quadratic power-dependence of the nonlinear signal
proves that we measured SHG (see supplementaries S7). SEM
images of four micro-spheres with different diameters are
shown in Fig. 4b-e and are considered as prototype examples
to study size-dependent properties of the SHG. The images
of the SHG reveal speckle patterns due to the χ(2) disorder,
Fig. 4f-i, in striking contrast with the effective-medium be-
havior observed in the linear regime. Indeed, at 2ω , there are
multiple coherent emitters that interfere with random phase
and amplitude. The SHG comes from the entire micro-sphere,
as shown by the size and the symmetry of the speckle im-
ages, which match those of the corresponding structures. The
SHG appears more efficient in the center of the image, as a
consequence of the spherical shape and consistently with the
focusing of the pump. As shown in Fig. 4k-n, the SHG is
broadly and isotropically distributed over the solid angle of
collection (≈75◦), over an angular range much broader than
that of the pump (<1◦). The efficiency is comparable along
the different directions, with a more distinct emission at very
large azimuthal angles (>60◦). This effect can be addressed
to the spherical shape and the size of the assembly, but fur-
ther investigation is necessary to fully understand its origin.
The observed angular dispersion could be used to decouple
the generated harmonic from the pump without the use of
filters22.
The intensity distributions of the speckles are shown in
Fig. 4j for three different micro-spheres. The observed
Rayleigh distributions provide evidence of SHG interference
from a large number of fully randomized emitters, without
dominant orientation or position correlations39. The exponen-
tial tail gets more pronounced for increasing diameters owing
to the larger statistics available. Also the SHG measured at
variable input polarizations confirms the random nature of the
χ(2) disorder, Fig. 4o. Large micro-spheres (D>5µm) show
a fully isotropic response, corresponding to the absence of
polarization selection rules. When decreasing the size, the
reduced number of domains leads to a partial averaging of the
random interference and a residual polarization dependence
appears. Also in this regime (D<5µm), polarization selection
rules are relaxed, with a variability of 20% on average.
Phase-matching properties are investigated in Fig. 4p. The
SHG scales as the third power of the micro-sphere radius,
reaching diameters six times larger than the maximal coher-
ence length of BaTiO3 (see Supplementaries S1). The data
correspond to a linear scaling over more than three orders of
magnitude with the volume of the micro-spheres, i.e. with the
number of the nano-crystals, unequivocally revealing RQPM.
The figure of merit for the conversion in the this regime is
the comparison with a crystalline structure of the same size17.
Due to the micron-size of our structures, we have performed
the comparison numerically (see supplementaries S8). Results
are shown in the inset of Fig. 4p. Simulations reproduce the
monotonic ∝L3 scaling of RQPM for the disordered assem-
blies (blue line), pointing out that the SHG from the crystalline
structures (gray lines) is destructively and constructively inter-
fering in a periodic manner. Despite the extremely small scale,
the SHG from the disordered assemblies is always comparable
to that of the best-oriented crystalline counterparts (gray solid
line), with the important advantage of having their phase-
matching conditions relaxed. Interestingly, the disordered
assembly largely outperforms a randomly oriented BaTiO3
crystal (gray dashed line), showing an SHG that is two orders
of magnitude stronger. This is a significant advantage, since
controlling the lattice orientation, after or during the growth of
the crystal, is a demanding task. Calculations of the absolute
efficiency from the disordered assemblies is provided in the
supplementaries S8.
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Figure 4. SHG from the assembled micro-spheres and observation of RQPM. a, Sketch of the experimental
configuration. b-e, SEM images of four micro-spheres assembled on a glass substrate with increasing size. Diameters are
indicated. f-i, Images of the SHG emitted from (b-e). Correspondence is along the column. The focal plane of the objective is
placed in the central section of the structures. Reported sizes are measured from the image after calibration of the camera. j,
Intensity distributions for the speckles in (g-i). The y-axis is in log-scale. k-n, Images of the back-focal-plane (BFP) of the
objective for the SHG shown in (f-i). Correspondence is along the column. o, SHG integrated over the entire speckle image for
a variable input polarisation. Measurements are performed on the micro-spheres in (b-e). p, SHG from a set of 32
micro-spheres with increasing diameter, integrated over the entire speckle image and averaged over the input polarization.
Error bars report the range of variability when rotating the input polarization. The red line is a fit of the data with the function
y= ax3. The blue bar indicates the range of variability of the coherence lengths (Lc) of BaTiO3 at 930 nm. The inset shows the
numerical comparison between the SHG from disordered assemblies of BaTiO3 with increasing size (nano-crystals of 50 nm),
and crystals of BaTiO3 of the same size, for the maximum and for a randomly chosen coherence length. All structures have a
cubic shape and a uniform pump illumination. The x-axis reports the side length. The same calculations in terms of the SHG
efficiency are reported in the SI.
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Figure 5. Wavelength-dependent Mie-Driven SHG from the assembled micro-spheres. a-i, SHG measured from
micro-spheres of different diameters obtained by sweeping the pump wavelength in-between 880-980 nm together with the
best-fit function obtained by using Eq. 1, which considers the enhancement determined by the Mie resonances of the
micro-spheres. Reported diameters have an error of ±20 nm. Values of the the filling fractions and of the absorption coefficient
returned by the fits are reported in the SI. Both experimental data and theory are normalized to their mean values.
Coupling to Mie resonances
We investigated the wavelength-dependent SHG on several
micro-spheres with increasing diameters, by sweeping the
pump laser over a 100 nm wavelength range around 930 nm.
In Fig. 5a-i we observe a broadband tunability of the SHG,
as expected by RQPM22, additionally driven by the Mie res-
onances of the micro-spheres, which enhance the SHG at
specific wavelengths. This resonant modulation in the RQPM
regime is reported here for the first time. To describe this
remarkable observation we developed an extension of the
RQPM model19, 40 to χ(2)disordered structures sustaining
modes (see supplementaries S9). In such a case the specific
pattern of the modes defines an inhomogeneous distribution
of the pump and of the SHG field. By assuming that the spa-
tial features of the modes evolve on a scale larger than the
mean size of the domain (large-scale modes), the fields can be
considered constant over the single domain. This assumption
is well satisfied in the case of crystalline domains with a mean
size of 50 nm, as in the experiments. The SHG field from each
crystalline domain is multiplied by the enhancement factor
ξi(ω,2ω) = ω2F2i (ω)Fi(2ω), where Fi(ω) and Fi(2ω) are
the field enhancement of the pump and of the SHG respec-
tively41. Due to the χ(2) disorder, the total SHG field is the
result of a random walk in the complex plane of the SHG field,
with a mode-dependent step-length distribution, as sketched
in Fig. S11. The SHG intensity is given by the variance of
this random walk and reads
I2ω ∝ ω2E2int(ω)Eint(2ω)N (1)
where Eint is the total internal energy of the micro-sphere. We
used Eq.1 within a fitting procedure to describe the experi-
ments, by calculating Eint in the EEM approximation. Best-fit
functions are reported in Fig. 5 and are in good agreement
with the measurements. The discrepancy observed for larger
diameters is addressed to scattering inside the micro-spheres
and consequently to the limited validity of the EMM model.
This is consistent with the discrepancies observed for the lin-
ear resonant scattering of the pump, although here we directly
probe the internal energy of the micro-spheres and not the
scattering cross-section.
Conclusions
We have realized a multifunctional platform based on the
bottom-up assembly BaTiO3 nano-crystals to study second-
order nonlinear effects in disordered photonic materials. We
observed an unexplored phase-matching mechanism that re-
lies on the coupling of RQPM with the Mie resonances of
the entire disordered structure. The assembled micro-spheres
show a broadband and simultaneously Mie-enhanced SHG
over a wavelength range of 100 nm. A main novelty is to have
an optimization mechanism for the SHG at scales larger than
the coherence length that is not related to the orientation and
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the quality of the crystal, but which exploits the geometry of
the structure. Our model describes the main observations well
and pinpoints the essential physics from a complex interplay
of linear and nonlinear effects.
This work opens the door to a still uncharted research. Min-
imization of losses due to out-coupling with the substrate is of
primary importance and, e.g. by introducing a spacer, would
drastically improve the Mie-resonant enhancement and poten-
tially compensate for the weak efficiency of the nano-domains
in comparison to the micro-domains. Other research develop-
ment regards the use of a near-field coupling to excite specific
modes and the minimization of the internal scattering in larger
structures (>10µm). A more elaborated model is necessary
to explain the broad angular SHG emission and to estimate
the contribution of overlapping modes in the RQPM regime.
Since the SHG is a coherent process, there is a whole set of
opportunities provided by disorder to achieve tailored inter-
ference42, 43, both for the pump and the SHG. Interesting per-
spectives are the hierarchical assembling of mono-dispersed
or bi-dispersed micro-spheres into large-scale correlated struc-
tures44 and the implementation of wave-front shaping proto-
cols to control and optimize the efficiency and the bandwidth
of the nonlinear process. Thanks to the cost-effective and
scalable production of the micro-spheres, we envision applica-
tions in the fabrication of tunable wide-acceptance-angle up-
conversion screens45. Due to the time-reverse symmetry of the
three-wave mixing process, results provided here could be ex-
tended to spontaneous parametric down-conversion (SPDC)21
and to the realization of disordered quantum sources.
Methods
Emulsion-driven assembling
Barium titanate (BaTiO3) nano-crystals are purchased from
Nyacol Nano Technology Inc.(BT80 25% wt.) as a stable
aqueous dispersion. The emulsion is prepared by vigorous
hand-shaking of 10 µl dispersion (2% wt.) mixed with 2.5 ml
of surfactant-loaded hexadecane (SPAN80 1% wt.). About
100 µl of the emulsified mixture is transferred on a micro-
scope glass slide before emulsion coalescence and is baked
at 80 ◦C for 12 hours in the oven. Glass slides are 1 mm
thick. Deposited water-BaTiO3 droplets are stable and tend
to settle on a single layer over the slide. A complete water-
into-hexadecane diffusion is already observed after 1 hour of
baking. The remaining heat treatment is necessary to conclude
the hexadecane evaporation. Left-over of the hexadecane and
of the surfactant is removed by sequentially washing with
hexane. Since BaTiO3 has a a Curie temperature of 120 ◦C
the micro-spheres are not sintered. Exposing the nano-crystals
to much higher temperatures could determine a non-reversible
transition to the cubic crystalline phase and the loss of the
non-centrosymmetry.
Effective-Medium-Mie model and fitting procedure
The effective-medium-Mie (EEM) model first calculates the
effective refractive index of the sphere through the Maxwell-
Garnett mixing rule based on the average refractive index of
bulk BaTiO3 (n ≈ 2.4 at 600 nm) and on a variable filling
fraction. This value of neff is used together with the diame-
ters of the micro-sphere measured with the SEM to calculate
the unpolarized scattering cross section by using Mie theory
for spherical particles. We take the specific illumination-
collection geometry of the measurements into account. By
varying the filling fraction of the micro-spheres between 45%
and 65% and by fixing the absorption coefficient to k= 0.003
we created a data-set for the fitting procedure. Both, experi-
mental and theoretical spectra, are normalized to their mean
values. Best-fitting curves are selected by using the least-
square method. See Supplementaries S5 for more details.
Effect of the substrate on Mie-resonances
We simulated the scattering from a homogeneous sphere with
effective refractive index neff = 1.55 placed on a glass sub-
strate and illuminated by a plane wave at 930 nm, by using
Comsol. Results from the simulations are reported in the
Supplementaries S5.3. These show that the substrate has little
effect on the resonance positions, as it determines only a shift
of a few nm. Differently, it introduces dominant out-coupling
losses that smooth out resonant peaks. In the Supplemen-
taries S5.3 we show that the presence of the substrate can be
included in the analytical EMM theory by adding an imag-
inary part to the effective refractive index, with absorption
coefficients typically of k ≈ 0.005.
Optical nonlinear setup
SHG from the micro-spheres has been investigated by free-
space coupling to the samples with linearly polarized laser
pulses of 120 fs at 930 nm (ω), with a repetition rate of
80 MHz. We set the waist (FWHM) of the pump beam to
21 µm, i.e. larger than the micro-spheres, to approximate
a plane-wave illumination. The average power of the train
of pulses was 180 mW, corresponding to a single-pulse flu-
ence of 0.68 mJ/cm2. The SHG (2ω) was collected in the
forward direction with a high-NA objective (NA=0.95, Apoc-
hromat). The angular emission of the SHG has been obtained
by imaging the back-focal-plane (Fourier plane) of the collec-
tion objective. More details on the setup and the measurement
procedures are in the Supplementaries S6.
Data availability
The data that support the plots within this paper and other
findings of this study are available from the corresponding
authors upon reasonable request.
Code availability
The codes that support the findings of this study are available
from the corresponding authors upon reasonable request.
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S1 The material: Barium Titanate (BaTiO3)
BaTiO3 is particularly attractive for photonic applications since it has a high refractive index, a high
second-order nonlinearity, a wide transparency window and several functional properties as electro-optic,
elasto-optic and thermo-optic effects. Here, we describe linear and nonlinear optical properties relevant
for this work.
S1.1 Refractive index and χ(2) tensor
BaTiO3 is a (negative) uniaxial birefringent crystal, hence its extraordinary index ne depends on the angle
between~k and the optic axis according to Eq. S11
1
n(θ)2
=
sin2θ
n2e
+
cos2θ
n2o
, (S1)
with a maximal value ne(θ = pi) = ne for θ = pi and a minimal value ne(θ = 0) = no. The ordinary index
no , the maximal extraordinary index ne and their average value naverage = (no+ne)/2 are calculated at
different wavelengths according to Zelmon D. et al.2 and are shown in Fig. S1. For example, at 600 nm
one has naverage = 2.40, while at 930 nm one has naverage = 2.33.
The components of the χ(2) susceptibility tensor are reported in Eq. S2 according to Tong Zhao et al.3
dBTO =

0 0 0 0 d15 0
0 0 0 d15 0 0
d31 d31 d33 0 0 0
 with
d15 = −17.0 pm/V
d31 = −15.7 pm/V
d33 = −6.8 pm/V
(S2)
S1.2 Calculation of the coherence length
Due to the dispersion of n, two beams at ω1 and ω2 do not travel through the medium at the same speed,
creating the phase mismatch ∆k:
∆k = 2k1− k2 = 2ω1c (n(ω1)−n(ω2)) (S3)
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Figure S1. Spectral dependence of ordinary, extraordinary and average refractive indices for bulk
BaTiO3
For the case of SHG, this leads to a phase shift between two SHG waves generated at different points
within the crystal. The length at which the relative phase shift of the generated waves reaches pi2 is called
the coherence length Lc:
Lc =
pi
∆k
(S4)
After one coherence length within the crystal, the SHG starts decreasing until it reaches zero at two
coherence lengths, where there is total destructive interference between all SHG contributions. For this
reason, the maximum possible SHG in a single (non-phase-matched) crystal is reached at lengths equal to
an odd multiple of the coherence length, and minima at even multiples.
In order to calculate the phase mismatch ∆k between the fundamental frequency and the second
harmonic it is required to know the four different k-vectors (ordinary and extraordinary part of the fun-
damental and the SHG) ko(ω),ke(ω),ko(2ω),ke(2ω), which are found from k = ωnc using the respective
refractive index. The phase mismatch (defined in Eq. S3) is more generally given as ∆k = k1+ k2− k3,
where k1 and k2 are the fundamental frequencies and k3 is the k-vector of the second harmonic (Boyd1,
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p.76). This leads us to eight different values for ∆k depending on the beam combinations:
∆kooo = ko(ω)+ ko(ω)− ko(2ω)
∆keeo = ke(ω)+ ke(ω)− ko(2ω)
∆koeo = ko(ω)+ ke(ω)− ko(2ω)
∆keoo = ko(ω)+ ke(ω)− ko(2ω)
∆kooe = ko(ω)+ ko(ω)− ke(2ω)
∆keee = ke(ω)+ ke(ω)− ke(2ω)
∆koee = ko(ω)+ ke(ω)− ke(2ω)
∆keoe = ke(ω)+ ko(ω)− ke(2ω)
(S5)
From this, the coherence length can be calculated according to Eq. S4. While beam combinations of type
ooe will see the largest coherence length, the beam combination ooo has an angle independent coherence
length. The calculated coherence length of BaTiO3 at 930 nm lies within the interval [0.95 µm,1.87 µm],
with a constant ooo-value of 1.57 µm and an average of 1.23 µm.
S2 Assembled BaTiO3 micro-spheres of different sizes
The assembling procedure developed here returns BaTiO3 micro-spheres with diameters between 0.5-
20 µm. The quality of spherical shape is excellent over the entire size range, as can be seen from the SEM
image in Fig. S2. In this particular case, the micro-spheres are loosely assembled in a cluster that allows
us to image different sizes simultaneously. In this work, we investigate isolated micro-spheres, which can
be found on the sample thanks to a grid of micron-size markers realized on the glass substrate by UV
lithography and chromium deposition.
S3 Measurement of the filling fraction
The filling fraction of the assembled BaTiO3 micro-spheres has been measured by image analysis of their
cross-sections obtained by focus ion beam (FIB) milling. Images are acquired with a scanning electron
microscope (SEM) in-situ by applying a tilt angle of 45◦ to the sample. The procedure is performed with a
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Figure S2. Scanning electron micro-graph (SEM) of a group of assembled BaTiO3 micro-spheres with
different diameters.
FIB-SEM NVision40-Zeiss. To minimize local charging effects, the micro-sphere is previously covered
with a 3 nm layer of platinum in a sputtering deposition chamber Elios600i. The sample is mounted
on a planetary stage to ensure the uniformity of the platinum layer over the entire micro-sphere. The
cross-section for a micro-sphere of about 3 µm is shown in Fig. S3. The image is tilt-corrected in the
vertical direction by the acquisition software to measure exact lengths .
The cross-section image is binarized through the adaptive Otzu algorithm4, implemented with the
Matlab function imbinirize, which returns 0-value pixels for empty space and 1-value pixel for full
(nano-crystals filled) space, see Fig. S3b. A circular region of interest (ROI) is selected by applying
a circular mask of radius R to the binarized image, as shown in Fig. S3b-c. The filling fraction f f is
measured on the ROI as f f = Nfull/NTOT, with Nfull the number of full pixels with value 1 and NTOT
the total number of pixels. The radius of the ROI is gradually increased to test if the micro-sphere is
homogeneously assembled. The considered ROI and the corresponding filling fraction are shown in
Fig. S3c-d. We find f f ≈ 0.55 independently of the ROI size, showing a good homogeneity of the
assembly.
The same procedure has been applied to 5 different micro-spheres with radii between 1.2-5 µm,
providing comparable results. The measured f f is consistent with the typical filling fraction of dried
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porous media realized by nano-particles assembly, which ranges between 50-70%5.
Figure S3. Procedure to measure the filling fraction of an assembled BaTiO3 micro-sphere. a, SEM
image of the cross section of a micro-sphere realized by FIB. b, Binarized version of (a) obtained through
the adaptive Otzu algorithm, where a circular region of radius R is selected in the center. c, Selected
binarized regions with increasing radii used to measure the filling fraction. The full part is in yellow, the
empty part in blue. d, Measured filling fraction as a function of the radius of the selection region.
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S4 Linear microscopy and spectroscopy setup
The linear optical characterization of the micro-spheres has been performed with a Zeiss AxioImager.A1m
microscope customized for spectral measurements. A sketch of the microscope setup is shown in Fig. S4
for both the transmission and the reflection configuration. Samples are illuminated with a halogen lamp
and light is collected with a 50X objective (Zeiss EC Epiplan Aphocromat, NA=0.95), providing a
collection angle θ = arcsin(NA) = 72◦. Collected light is divided by a beam splitter and imaged with
a lens on a CMOS camera to visualize the area of interest, while the other portion of light is imaged
on the entrance of a multimode optical fiber (core size 200 µm, NA=0.12). The fiber acts as a pinhole
and collects only light coming from a small area in the center of the image with a field-of-view (FOV)
of 4 µm. Light is guided to a high-precision spectrometer (Acton SP-2356 from Princeton Instruments,
equipped with a thermoelectrically cooled CCD camera, Pixis 256E) for spectral analysis. The microscope
works both in bright-field (BF) and dark-field (DF) configuration depending on the type of illumination
selected. With the BF illumination light reaches the sample homogeneously (Ko¨hler illumination) and
all transmitted/reflected light falling within the collection angle is acquired. With the DF illumination
the central part of the illumination beam is blocked by a patch stop, which leaves only a ring of the
illumination reaching the sample as a focused empty cone. If the illumination is focused with an NA
bigger than the NA of the collection element, illumination light falls out of the collection angle and only
the scattered light is imaged. This technique allows one to obtain high optical contrast of quasi-transparent
and of very small objects.
DF microscopy in reflection is enabled by the specific design of the objective, which has two inde-
pendent optical paths for the illumination and the collection. Typically, a high NA increases the chances
to collect stray light. We minimized this effect by sticking a neutral density filter ND=8 below the glass
substrate, which was index-matched with glycerine. DF imaging in transmission is possible when the NA
of the condenser is larger than the NA of the collection objective. Since our condenser has an NA=0.8-0.9,
we had to reduce the NA of the objective to 0.7 by placing a rubber o-ring on the its back aperture. Even
if approximated, the correction worked perfectly and high quality dark-field image could be obtained in
transmission. We stress the importance of using an apochromat objective for this type of measurement to
7/24
Figure S4. Dark field spectroscopy setup in reflection (left) and transmission (right) configurations.
avoid chromatic aberration, which can affect spectral measurements by making them dependent on the
sample-objective distance.
Spectra were normalized as follows:
S(λ ) =
S(λ )meas−S(λ )BG
S(λ )Illum−S(λ )DC (S6)
where S(λ )meas is the scattering from the micro-sphere, S(λ )BG is the background (measured as the light
scattered in an empty area near the micro-sphere), S(λ )Illum is the illumination and S(λ )DC are the dark
counts. In the reflection configuration, S(λ )Illum was measured as the spectrum of the light reflected by a
thick Teflon diffuser (99% reflectivity). In the transmission configuration, S(λ )Illum was measured as the
spectrum of the background in a completely dark environment.
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S5 Effective-Medium-Mie (EMM) model
Assembled micro-spheres are modelled as homogeneous spheres with an effective refractive index neff.
This effective-medium approximation is then combined with Mie theory to derive the wavelength de-
pendence of two quantities: 1) the scattering cross section in the experimental configuration, used to
describe the Dark-Field spectra of the micro-spheres; 2) the total internal energy, used within the random
quasi-phase matching (RQPM) model for resonant structures (see Sec. S9), to describe the SHG in the
micro-spheres. In general, effective-medium mixing formulas are expected to work well for diluted
composite media with a low index-contrast6, which is not the case for the BaTiO3 micro-spheres. However,
when the size of the composite medium gets smaller (e.g. nanoparticles clusters, meso-crystals), the main
requirement is to have individual nanoparticles with an optical response dominated by the electric dipole
term6–8. In our case, BaTiO3 nano-crystals have a full dipole behaviour, with a size parameter x ≈ 0.3
(Rayleigh scattering regime), and the effective-medium approximation is a viable solution. The advantage
of using an effective-medium theory lies in its simplicity and in the possibility to describe the optical
behaviour of a complex medium with a single parameter. Normally, the approximation gets weaker when
light scattering from the constituent particles/enclosures is not negligible. In such a case an exact solution
of Maxwell’s equations is required9.
S5.1 Effective refractive index with the Maxwell-Garnett mixing rule
We calculated the effective refractive index of the assembled nanocrystals-air composite with the Maxwell-
Garnett (MG) mixing rule reported in Eq. S7, with nBTO the average refractive index of bulk BaTiO3 (see
Sec. S1 and Fig. S1) and f f the nano-crystals filling fractions of the composite. The wavelength-dependent
effective refractive indices calculated at different filling fractions are shown in Fig. S5.
n2eff(λ ) =
1+
1+2 f f
3
(n2BTO(λ )−1)
1+
1− f f
3
(n2BTO(λ )−1)
(S7)
We employed the MG model, and not other effective-medium mixing rules as the Brugmann’s rule, for
the following reasons: firstly, recent works show that MG provides a better estimation of the effective
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Figure S5. Wavelength-dependent effective refractive indices for the BaTiO3-air composite calculated
with the Maxwell-Garnett mixing rule at different filling fractions. Assembled micro-spheres have a
refractive index corresponding to f f=0.55.
refractive index for small and packed systems6. Secondly, the values of the filling-fraction returned from
the fit of the experimental data, performed by using the EMM model based on the MG formula, are in
very good agreement with the filling fractions measured experimentally (see Sec. S3).
S5.2 Expression of the micro-sphere’s scattering cross-section and internal energy
We employed the analytical Mie theory10 for spherical particles to calculate both the scattering cross-
section and the internal energy of the micro-spheres in the experimental configuration. The cross-section
is derived from the angle-dependent Mie scattering amplitudes S1 and S2 whose expressions are reported
in Eq. S8-S9, where an,bn are the Mie coefficients, pin and τn are combinations of Legendre functions
defined in Bohren Huffman10 p.94, x= ka is the size parameter with a the radius of the sphere and k = 2piλ
the wave number in the ambient medium. S1 and S2 are the amplitudes of the scattered far-field component
respectively orthogonal and parallel to the scattering plane. All coefficients depend on the refractive index
of the sphere, which here is the effective refractive index neff of the micro-sphere. We do not report the
full expressions of the Mie coefficient since they can be found in Bohren and Huffman10 at page 100. To
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compute Eq. S8-S9 we have implemented (in Matlab) the function Mie S12 released by C. Ma¨tzler11.
S1(cosθ) =
∞
∑
n=1
2n+1
n(n+1)
(anpin+bnτn) (S8)
S2(cosθ) =
∞
∑
n=1
2n+1
n(n+1)
(anτn+bnpin) (S9)
To match the collection conditions of the dark-field scattering experiment, the scattering amplitudes S1
and S2 have been integrated over the collection angle [108,180◦] for the reflection configuration and
over [0,50◦] for the transmission configuration. The unpolarized scattering intensity is calculated as
σunpol = (S1S∗1+S2S
∗
2)/2.
To calculate the internal energy of the micro-spheres we have used the expression of the radial energy
density in Eq. S10, which we have implemented (in Matlab) by using the function Mie Esquare
released by C. Ma¨tzler11, and which we have integrated over the entire volume of the micro-sphere. The
coefficients cn,dn in Eq. S10 are the Mie coefficient and mn,nn are combinations of spherical Bessel
functions integrated over the angles Θ and φ
〈
|E(r)|2
〉
=
1
4
∞
∑
n=1
(mn|cn|2+nn|dn|2) (S10)
S5.3 Effect of the substrate
Analytical Mie theory does not consider the presence of a substrate near the particle, which is expected to
affect its scattering behaviour. We investigated this effect by finite-element-method (FEM) simulations (in
Comsol) of light scattering from a sphere of radius 1.2 µm and neff = 1.6 on a 1 mm thick glass substrate
of refractive index 1.3 . We run the simulations for a plane-wave illumination at several wavelengths
in the range 880-980 nm and calculated the total scattering cross-section and the internal energy of the
sphere. For comparison we run simulations with the same configuration without the substrate. Results
are shown in Fig. S6 for the internal energy, but apply similarly for the scattering cross-section. Peaks
of the energy spectrum are dumped and widened due to energy out-coupling into the substrate. In other
words, the substrate introduces losses and the internal energy at the resonances is reduced. We show in
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Fig. S6 that the analytical Mie model can take these losses into account by adding a complex part ik to the
refractive index with an absorption coefficient typically of k=0.005. The agreement between theory and
simulation is very good and provides the possibility to use an analytical theory to describe the resonant
optical behaviour of the real micro-spheres, avoiding time-consuming simulations. As we see in Fig. S6b
the substrate also introduces a slight shift in the resonant peaks that the Mie theory cannot describe.
S6 Nonlinear microscopy and spectroscopy setup
A scheme of the setup employed to perform the nonlinear optical characterization of the micro-spheres is
shown in Fig. S7a. Ultra-fast laser pulses (120 fs) at the fundamental frequency ω (pump) are generated by
a Titanium-Sapphire laser (Spectra-Physics MaiTai HP) with a repetition rate of 80 MHz, an average output
power of 2.5 W and central wavelength tunable in the range 690-1040 nm. To adjust the power of the
beam, a half-wave-plate (λ2 ) is used to rotate the beam polarization, followed by a Glan-Taylor polarizing
beam-splitter (BS) allowing only one polarization angle to pass through. A second half-wave-plate sets the
linear polarization of the beam before it hits the sample. This second wave-plate is rotated with a motorized
stage controlled by the computer. To have a uniform illumination of the micro-sphere, we loosely focused
the pump beam with a plano-convex lens (F1) with a focal length of 75 mm, corresponding to a beam
waist of 20 µm. The sample is oriented such that the beam passes first through the glass before hitting
the micro-sphere. A magnified illustration of the sample position is shown in Fig. S7b. The collection
objective (Zeiss 50x EC Epiplan apochromat, NA= 0.95, working distance d = 0.5 mm) is placed after
the sample to collect the SHG from the micro-sphere at 2ω . The objective is mounted on a high-precision
translation stage to allow for accurate focusing. We always selected the center of the micro-sphere as the
focal plane. Thanks to the large numerical aperture, we collect most of the forward-generated light with
a collection angle θ = arcsin(NA) = 72◦. Collected light can go through 3 different paths. In path 1 we
image the back-focal-plane (BFP) of the objective with 2 plano-convex lenses (F2, focal length 150 mm)
on the camera (Andor Zyla 4.24. In path 2 we image the sample on the camera with the same lens F2. In
path 3 collected light is redirected with a flipping mirror and focused into a fiber that guides the light to a
spectrometer (Andor Shamrock 303i-B with camera Newton 920). In all the paths light passes through a
low-pass filter (LP) before reaching the camera/detector to remove the fundamental beam and leave only
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Figure S6. Internal energy computed by FEM simulations and by analytical Mie theory for a sphere of
radius r = 1200 nm and neff = 1.6, for a configuration a, without substrate andb with the sphere on top of
a glass substrate. The insets in the figures show the configurations used in the simulations.
the SHG. The SHG emitted at the focal plane is in focus on the camera, while the rest is collected and
measured as out-of-focus signal. The total SHG is indeed independent from the position of the focal plane
within the micro-sphere. Images of the rear plane of the micro-spheres at the pump wavelength (ω) were
obtained with the same setup by removing the low-pass filter. Since the SHG signal is 5 to 7 orders of
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Figure S7. Schematic of the setup used for the nonlinear optical characterization. a, Beam paths to
excite and collect the SHG from micro-spheres. (λ2 ) Wave plate (BS) Beam splitter (F1,F2) Lens (S)
Sample (O) Objective (LP) Low pass filter. b, Schematic of the focusing configuration on the sample. The
fundamental beam passes from right to left through the micro-sphere (yellow). The emitted SHG (blue) is
collected by the objective. (w0) Beam waist (d) working distance (zR) Rayleigh length.
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magnitudes weaker than the pump, it was not necessary to filter out the SHG.
S6.1 Wavelength calibration
The setup has been calibrated for operating in the range 880-980 nm by normalizing the experimental
data by a curve that considers the wavelength dependence of the quantum efficiency of the camera, of
the transmission through the low-pass filters (BG39) and through the objective. The full normalization
formula is reported in Eq. S11. The focal position is not significantly affected by the change of the pump
wavelength. The pulse width and the repetition rate are constant, therefore they do not alter the peak power
in the explored range of wavelengths.
SHGcorrected =
SHGmeasured
2 ·T(λ )BG39 ·T (λ )OBJ ·QE(λ )camera (S11)
S6.2 Imaging of the back-focal-plane (BFP) of the objective
The alignment and the distances along the BFP path of the set-up have been checked by using a reference
sample made out of a chromium-covered glass slide with squared holes (from one to a few microns) in the
chromium layer. An optical image of the reference sample is shown in Fig. S8a.
The Fourier distribution expected by a squared aperture of size a is given by
I(x,y)∼ sinc2
(
pia
λ f
x
)
sinc2
(
pia
λ f
y
)
(S12)
where λ is the wavelength of light, f is the focal distance of the lens and a is the size of the square. The
BFP of the objective is in focus on the camera when the pattern shown in Fig. S8b appears, which matches
the one predicted by Eq. S12. Once the BFP was in focus, without moving any optics, the test sample was
substituted by the sample with the micro-spheres.
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Figure S8. a, Real image and b, back-focal-plane image of a square aperture of 1 µm in the chromium
layer deposited over a glass slide. The circle represents the maximal numerical aperture of the Zeiss
apochromat objective, corresponding to 72◦
.
S7 Spectrum and power dependence of the measured SHG
Identification of the SHG has been first carried out by spectral characterization of the light passing through
the low-pass filter, which has been coupled into an optical fiber and guided to a spectrometer, as shown
in Fig. S7a. A spectral characterization of the pump has been performed in the same configuration
by removing the low-pass filter. Measured spectra are reported in Fig. S9, together with the peak
wavelengths and the full-width-half-maximum (FWHM) bandwidths. The signal wavelength is half the
pump wavelength. The signal bandwidth is also about half the pump bandwidth. Both observations
confirm the presence of SHG. As a secondary check, we tested the dependence of the measured signal on
the pump power, which is expected to be purely quadratic for SHG. Measurements are shown in Fig. S7b
for several sizes of the micro-sphere. Clear quadratic dependencies are observed for all sizes, further
confirming the presence of SHG. For a fixed pump power, the SHG continually increase with the size of
the micro-sphere, as expected in the random quasi-phase-matching regime.
S8 Simulations of SHG in BaTiO3 disordered assemblies
We performed simulations of disordered BaTiO3 assemblies, using an approach similar to previously
established simulations for isotropic materials12, 13, extended to be applicable to a birefringent material, as
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Figure S9. Characterization of the SHG from assembled BaTiO3 microspheres. a, Spectrum of the SHG
compared to the pump spectrum. b, Quadratic dependence of the SHG on the pump power for
micro-spheres of different sizes. Axis are in log-scale. Power values refer to the entire beam. Slopes
indicates the quadratic dependencies expected from SHG while vertical shifts show that the SHG
efficiency grows with the size of the micro-sphere. The efficiency of the smallest micro-sphere is too low
to observe SHG below 100 mW.
BaTiO3. The model considers a 1D stick of crystalline domains. Each domain has a variable thickness and
crystal orientation (length Xn and orientation On for the nth domain). The ordinary (o) and extraordinary
(e) parts of the fundamental wave are propagated separately through each domain, generating SH-waves
at the end of every domain, given by the electric field along the ordinary and the extraordinary direction
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(u= o/e):
Eugenerated(2ω,Xn) =∑
vw
i(2ω)2
2ε0c2ku3
· (∑
i
eˆui ·2ε0∑
jk
di jkEvjE
w
k
)(ei∆ku,vwXn−1
i∆ku,vw
)
eik
u
3Xn (S13)
with
u,v,w ∈ {o,e}, specifying the polarization of the beam component
ω , the fundamental frequency
Xn, the size of the nth domain
ε0 = 8.854187817 ·10−12 F/m, the vacuum permittivity
c= 2.99792458 ·108 m/s, the speed of light in a vacuum
ku3, the~k-vector of the second harmonic along u
eˆu, the unit vector along the o/e-direction
di jk, the second order non-linear tensor. Its contracted matrix form is specified in equation S2
Ev and Ew, the electric field of the fundamental along v and w
∆ku,vw, the phasemismatch as specified in equation S3
Those SH-waves are then propagated in a similar fashion throughout the entire stick and summed
up to the end (for computational efficiency the summation is done after every domain, propagating only
the resulting waves). For this propagation and to use the second harmonic tensor χ(2), the fields must be
transformed into the reference frame of the respective domain, and decomposed into the o/e direction.
These transformation were done using an Euler transformation.
S8.1 Efficiency comparison with a bulk crystal
By relying on Eq. S13 we computed the SHG efficiency I2ω /I2ω of disordered BaTiO3 cubes by considering
disordered sticks with N domains and by assembling N×N sticks in the transverse dimensions. Then,
we computed the SHG efficiency in a BaTiO3 crystal cube of the same size. The resulting efficiencies of
the bulk crystal and of the assembly (for two domain sizes) are shown in Fig. S10. The efficiency of the
single crystals in its “optimal” orientation (gray line) periodically drops to zero, whenever the length of the
crystal along the propagation direction is equal to an even number of coherence lengths. Results shown
in Fig. S10 are the same shown in the inset of Fig 3p of the main manuscript. Since here we consider
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Figure S10. Calculated SHG efficiencies for a cubic BaTiO3 single crystal (gray line) in its optimal
orientation (longest coherence length Lc) and for two cubic random assemblies with 50 nm (blue solid
line) and with 100 nm (blue dotted line) nano-crystal (NC) domains, at 930 nm. This represents the
efficiency of the system for an input intensity of 1 W/µm2.
the intensity of the systems (Power/Surface) the transverse size of the system, i.e. perpendicular to the
propagation direction, is irrelevant and we obtain a linear scaling of the RQPM with the length of the
assembly. The efficiency of the disordered system with a mean domain size of 50 nm (blue solid line) is
comparable to that of the bulk crystal in the considered size range and surpasses the ideally oriented crystal
at around 30 µm. The efficiency of the disordered system when using a 100 nm domain size (blue dotted
line) beats the single crystal already at around 15 µm. One can see that doubling the domain size leads
to a doubling of the SHG intensity (solid to dotted blue line). The reason for this is, that with a constant
system size S, an increase in the domain size sdomain will in return reduce the number of domains N within
the system, with a cubic scaling with domain size: I ∝ N ∝ (1/sdomain). At the same time the increase in
the domain size sdomain along the propagation direction leads to a quadratic increase of intensity within
each crystal I ∝ s2domain. In total, this leads to a linear dependence of the intensity with the domain size
sdomain in a 3D system of constant size: I ∝ s2domain/sdomain ∝ sdomain.
19/24
S9 Random walk model for the random quasi-phase-matching (RQPM)
in resonant structures
We consider a 1D disordered array of N poly-dispersed crystalline domains with random orientations,
as sketched in Fig. S11. The SHG field at the end of the array is given by the sum of N phasors, whose
phase and amplitude depends on the disorder configuration, as expressed in Eq. S14. This expression
is a synthetic version of Eq. S13, in which we consider the phase terms randomly distributed in [0,2pi]
and in which we highlight the dependence of the amplitudes on the randomly distributed lengths Li and
orientations si of the domains.
ESHG =
N
∑
i
A(Li,si)eiφi (S14)
Equation S14 describes a random walk in the complex plane of the SHG field. Accordingly, the SHG
intensity is given by the mean square displacement (MSD) of this random walk ISHG = 〈(∑Ni A(Li,si) ·
eiφi)2〉, where 〈...〉 indicates the ensemble averaging. By assuming that all domains are equally illuminated
by the pump beam and that there is no correlations between the contributions of the phasors, the MSD
grows linearly with the number of steps, such that ISHG ∝ N, without any particular wavelength-dependent
modulation. This is the well known result of RQPM12–14.
Now, we assume that the disordered array confines light and sustains optical modes, both at ω and 2ω .
In such a case the specific patter of the modes defines an inhomogeneous distribution of the pump and of
the SHG field, see Fig. S11. We assume that the spatial features of the modes evolve on a scale larger
than the mean size of the domains (large-scale modes), such that the fields can be considered constant
over the single domain. This situation can be described by a domain-dependent SHG enhancement factor
ξi(ω,2ω) = ω2F2i (ω)Fi(2ω) that is multiplied to the amplitude Ai and that enhances or decreases the
SHG field of each domain, as in an homogeneous nonlinear resonator15. Fi(ω) and Fi(2ω) are the field
enhancement of the pump and of the SHG respectively. Equation S14 modifies to Eq. S15, corresponding
to the MSD of a random walk with a mode-dependent step-lengths distribution, in which some steps
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contribute more than others if the corresponding domain is in a high-enhancement region
ISHG ∝ 〈(
N
∑
i
ξi(ω,2ω)A(Li,si) · eiφi)2〉. (S15)
We consider the standard situation of RQPM, where the system is disordered in the χ(2) spatial distribution,
but it is homogeneous in the χ(1) spatial distribution, i.e. the refractive index. This way, the modes
are determined by the geometry and are independent from specific disorder configurations. Within this
assumption, we run random-walk simulations for arbitrary field distributions of the modes (with finite
mean and variance) and found that after ensemble averaging the summation over ξi(ω,2ω) in Eq. S15 can
be taken out of the summation, as expressed in Eq. S16
ISHG ∝ (
N
∑
i
ξi(ω,2ω))2 · 〈(
N
∑
i
A(Li,si) · eiφi)2〉 (S16)
We evaluate the total contribution of the field enhancement as
N
∑
i
ξi(ω,2ω) = ω2
N
∑
i
F2i (ω)Fi(2ω) ∝ ω
2Eint(ω)
√
Eint(2ω) (S17)
where Eint =∑Ni F2i is the internal energy of the system at the considered wavelength and where we neglect
the contribution of the spatial-overlap integral of the pump and of the SH mode16. The final expression for
the SHG intensity is reported in Eq. S18
ISHG ∝ ω2E2int(ω)Eint(2ω)N. (S18)
We find the expected linear dependence on the number of domains and an additional modulation term
ω2E2int(ω)Eint(2ω) accounting for the resonant enhancement, in which the leading factor depends on the
internal energy at the pump wavelength. In the case of Mie resonances within a sphere, the wavelength-
dependent internal energy can be calculated by Eq. S10. For our micro-spheres, this calculation is exact
for the pump since we have a plane-wave illumination, but it is an approximation for the SHG, since real
sources are randomly placed withing the sphere.
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Figure S11. Sketch of a one-dimensional χ(2)-disordered system and effect of an optical mode on the
RQPM mechanism. The color modulation within the disordered crystalline stick indicates the intensity
distribution of the pump, which here is a sin2 (x) as an example. Crystalline domains in a region of high
field-enhancement (red) generate a SH-wave with a larger amplitude compared to the others. The
corresponding phasors (am) are longer steps of the random walk in the SH complex plane, which enhance
the RQPM generation by increasing the mean square displacement.
S9.1 Fitting procedure
We have fitted the data of the wavelength-dependent SHG from the micro-spheres with Eq. S18 in the
wavelength range 880-980 nm, by normalizing both measurements and theory to their mean values. The
internal energies have been calculated in the EMM approximation. The free parameters in the least-squared
fitting procedure were the filling fraction ( f f ) and the absorption coefficient (k). Best-fit values are reported
in Tab. S1. We can see that the estimated filling fractions are around 0.55, in good agreement with results
from the image analysis in Sec. S3 and from the linear spectroscopy in Sec. S4. Also, the estimated k,
which are all around 0.01, are compatible with the expected losses introduced by the substrate, calculated
in Sec. S5. We stress that the parameters obtained by this fitting procedure rely on independent data
since they correspond to different samples, supporting the validity of our analytical model and showing a
remarkable consistency of the work.
22/24
Radius [nm] Filling fraction Absorption (k)
609 0.506 0.003
975 0.462 0.013
1005 0.598 0.012
1018 0.590 0.019
1195 0.554 0.012
1261 0.652 0.014
1495 0.458 0.008
2383 0.570 0.007
4319 0.546 0.005
Table S1. Radius of the assemblies measured by SEM, filling fraction and absorption coefficient k (for a
refractive index n+ ik) extracted from the fitting procedure.
References
1. Boyd, R. W. Nonlinear Optics (Elsevier, 2008).
2. Zelmon, D. E., Small, D. L. & Schunemann, P. Refractive index measurements of barium titanate
from. 4 to 5.0 microns and implications for periodically poled frequency conversion devices. MRS
Online Proc. Libr. Arch. 484 (1997).
3. Zhao, T., Lu, H., Chen, F., Yang, G. & Chen, Z. Stress-induced enhancement of second-order
nonlinear optical susceptibilities of barium titanate films. J. Appl. Phys. 87, 7448–7451 (2000).
4. Otsu, N. A threshold selection method from gray-level histograms. IEEE transactions on systems,
man, cybernetics 9, 62–66 (1979).
5. Zu¨rcher, J., Burg, B. R., Del Carro, L., Studart, A. R. & Brunschwiler, T. On the evaporation of
colloidal suspensions in confined pillar arrays. Transp. Porous Media 125, 173–192 (2018).
6. Zhuromskyy, O. Applicability of effective medium approximations to modelling of mesocrystal
optical properties. Crystals 7, 1 (2017).
7. Voshchinnikov, N. V., Videen, G. & Henning, T. Effective medium theories for irregular fluffy
structures: aggregation of small particles. Appl. Opt. 46, 4065–4072 (2007).
8. Markel, V. A. Introduction to the maxwell garnett approximation: tutorial. JOSA A 33, 1244–1256
(2016).
23/24
9. Vettenburg, T., Horsley, S. A. & Bertolotti, J. Calculating coherent light-wave propagation in large
heterogeneous media. Opt. express 27, 11946–11967 (2019).
10. Bohren, C. F. & Huffman, D. R. Absorption and scattering of light by small particles (John Wiley &
Sons, 2008).
11. Ma¨tzler, C. Matlab functions for mie scattering and absorption, version 2. IAP Res. Rep 8, 9 (2002).
12. Chen, X. & Gaume, R. Non-stoichiometric grain-growth in znse ceramics for χ (2) interaction. Opt.
Mater. Express 9, 400–409 (2019).
13. Vidal, X. & Martorell, J. Generation of light in media with a random distribution of nonlinear domains.
Phys. review letters 97, 013902 (2006).
14. Baudrier-Raybaut, M., Haidar, R., Kupecek, P., Lemasson, P. & Rosencher, E. Random quasi-phase-
matching in bulk polycrystalline isotropic nonlinear materials. Nature 432, 374 (2004).
15. Zhang, J., Cassan, E. & Zhang, X. Enhanced mid-to-near-infrared second harmonic generation in
silicon plasmonic microring resonators with low pump power. Photonics Res. 2, 143–149 (2014).
16. Lin, Z., Liang, X., Loncˇar, M., Johnson, S. G. & Rodriguez, A. W. Cavity-enhanced second-harmonic
generation via nonlinear-overlap optimization. Optica 3, 233–238 (2016).
24/24
